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C{+’_}ZZ = ®,(C%) — M, ®OM,®M,®M,® .... Pauli
M(F) — CPM(FB) at — T—it( )Tit — Ad ejq-Ft

Po" = N 0‘)(1)
0 Pinfinite = ®N W 1/2172 (DEA =<A'§;§>
1/212
(p()_ = ®N W 0
(1)
t= @ .V
©o Pinfinite Araki - Evans

Evans - Lewis

X. OX. <> Z,
0J0J+1 GJ

V0% 0%, = 0%y, VvV 0% = 0% 0% ... O%
vV O% = OX. OX.
J ] J+1

2 (X X X
: V2 oX = o, o,
vZ? = shift on even algebra ] 1=+
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M, &M, OM,®M,® ..... C Cuntz algebra O, = C*(s,, s_)

= * —
S, 8, +s_s *=1

v(s, +0 s )22 =5, s s *+s_s_,s. ;¥ o=+or-

VA(s,)

S, 58, +S_S_,8_*
VA(x) = s, xs,* +s_o(x)s_*

av =vV
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2 7,60 %, (D" =Z(t) = Z((at + b)/(ct+d))
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H—BF
VANVAN
—F—m
L\BQEQE
7 = =1_':FF_ = trIN

—  tr e2nit(Lo-c/24) e—2nif(io -¢/24) X}\(T) =tr, e2mit(L, -¢/24)

= 2 7Z,,%.0) %,V =Z(t) =Z((at + b)/(ct+d))

Z=12,] € SLQ2,Z)

Classify:
o Zow € 0,1,23,... Z0 =1




Ising model A € {* , +, -}
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Ising model A € {* , +, -}

Ly= 2 rg'g — X

EN-1/2 - ,
r / g, Fermions
Li= 2 ng'g

———» Ko

n N
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Ising model A € {*, +, -}

L,= > rg'g .
r eN-1/2 |
g, Fermions

LO — Z n gn* gn

—» Ko

n N

X, + A = q-1/48 I1 (1 + qn-1/2) q= e2mit
n €N

Yo =qY2 TI (1+ qv)
n €N

X = 1r qLO - c/24
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Ising model A € {*, +, -}

LO — > r gr* g o .

r eN-1/2 |
g, Fermions
L= 3 ne'e . o
n €N
X, + A = q-1/48 I1 (1 + qn-1/2) q= e2mit
neN X:tquO-C/24
Yo =g TI (1+ qv)
n €N
o-mi/24
T — T+1 T — e—J‘l:i/lZ
emi23/24
1 "2
T — -lh S - e o o
1 o2 g 1
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Classify: L L= [ZML] e SLE. Z) }

Zyn € 0,12,3,.... Zoo = 1

A endomorphism N type III, factor: Au =2 N, Vv

M= Ad u(A,u) uA u(h,u) = \/\

\ , /
(-)1(1) =[Sl QO (1) i = M X,
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Z=12,] € SLQ2,Z)

Classify:
o Zyi € 0,123,.... Zoo = 1

Braided systems of endomorphisms:

* Loop groups SU(2), .., SU(N) etc Wasserman
1, (LiSU(n))"  C  m(LpSU(n))’

A=0: N =N III, factor, AN C N

* Quantum double of finite group, Haagerup subfactor etc

Ocneanu, Izumi

19



2 ZML X XM*

2 % X x*
Z Y Kot

A on

B on
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2 ZML X XM*

2 %X
2 Y Yot

A on B on

2 br?» X = Xa

My = sum of A’s
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270 %0 X 2 %o Yo

2 %X

*

N C M
A on B on

=2
=2

2 by % = Ao My = sum of A’s

)& Xor* =2 (2 brk X ) (2 bm: A X}\)*
(Z br?»bo*ty,) X XM* B2 ZML X XM*

otu
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2 %X

AR 2 Y Xor
N C M
A on B on
2 by X = Ae My = sum of A’s

=2 )& Xor* =2 (2 brk K )(2 bm:k Xk)*
=2 (2 bybo) %% “Z Zoy Yo X

oTu

My =2 Zy, A local
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2 %X

AR 2 Y Xor
N C M
A on B on
2 by X = Ae My = sum of A’s
=2 )& Xor* =2 (2 brk K )(2 bm:k Xk)*
=2 (2 bybo) %% “Z Zoy Yo X

Z7\M= Z bt)\bmtpt N C Mi C M Bockenhauer-Evans
"My =2 Zy; A local
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2 %X

AR 2 Y Xor
N C M
A on B on
2 by X = Ae My = sum of A’s
=2 )& Xor* =2 (2 brk K )(2 bm:k Xk)*
=2 (2 bybo) 6% T2 Zoy %o Xy

Z}\M= Z b‘c}\bO‘EM N C Mi C M Bockenhauer-Evans

NMN =2 ZO,X A local I > X OToPP
NDRNJ)r» C M, (DHRM_(J)»r C B(IxJ))

B-E+Rehren
25
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N C M - induce A to a,, using braiding and opposite braiding
)

AtNnA- =B
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N C M - induce A to a,, using braiding and opposite braiding
)

AtNnA- =B

* 7Z,,= <*o,,70,> is a modular invariant

Bockenhauer-Evans-Kawahigashi,
Feng Xu, Ocneanu
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N C M - induce A to a,, using braiding and opposite braiding
)

AtNnA- =B

* 7Z,,= <*o,,70,> is a modular invariant

Bockenhauer-Evans-Kawahigashi,
Feng Xu, Ocneanu

o N-M sectors from LA

1: NCM, A& N-N system
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N C M - induce A to a,, using braiding and opposite braiding
)

AtNnA- =B

* 7Z,,= <*o,,70,> is a modular invariant

Bockenhauer-Evans-Kawahigashi,
Feng Xu, Ocneanu

o N-M sectors from LA

1: NCM, A& N-N system

e M-M sectors fromuv At

CIZ graph for ZZ*

29




N,N, = 2, NN,

N)\ = [NMLV] uv

A =2 N, vV

Nk = ZK S)\K/ SOK |SK>< SK|

Verlinde algebra
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A =2 N, vV

NKNM = Zv NMLV Nv Nk = ZK SN{/ SOK |SK>< SK|

N, =[N, 1 Verlinde algebra

G action of N-N on N-M G, = ZK Sy So |’LPK><1PK|

Gk = [Gkab]ab GKGM = Zv NMLV Gv
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A =2 N, vV

NKNM = Zv NMLV Nv Nk = ZK SN(/ SOK |SK>< SK|

N, =[N, 1 Verlinde algebra

G action of N-N on N-M G, = ZK Sy / Sox |1PK><1PK|

Gk = [Gkab]ab GKGM = Zv NMLV Gv

o(G,) = {S,,/Sy, : multiplicity Z,, }

Bockenhauer-Evans-Kawahigashi
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A =2 N, vV

N,N =2 N, VN N, =2_8, /S, [S.><S
A u v IAU % A K VA M0k Mk K

N, =[N, 1 Verlinde algebra

G action of N-N on N-M G, = ZK Sy / Sox |1PK><1PK|
G). =[Gl GG, =2, N, G,

O'(Gx) = {SML/ Sm\Z mult1p11c1ty ZM\} Bockenhauer-Evans-Kawahigashi

nimrep gives ADE classification for SU(2)  Capelli-Itzykson-Zuber
nonnegative integer matrix rep of original Verlinde algebra
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2n-1 2n-2 n+1

n

\
Aj, D,
2/3

8
E{
* 1 2 3 4'1 5 6 7
A eseic E, rshedsi
D dihedral 7 dctaliedid

Eg4 1cosahedral
subgroups of SU(2) 34



ADE classification SU(2),,

eigenvalues 2 cos mt A/12

%% % s s

012345678910

e

0246810 5

s o

0346710

=S, /Sy, A exponents
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SU(Z) 10 Al 1 D7 E6 Capelli-Itzykson-Zuber

Zn =% P+ 20 P+ 2P+ xa P+ o+ X P+ 200 P+ ] 210 12

%% % s s

Zy =% P+ %o P+ | X P+ | s P+ | o P+ xs 12+ %52
+ X1 Xo* + Ao Xi* + A3 X7*t A7 3™

66 &

Ze = %o + Xs P+ |20+ Xaol?+ | %z + Xao?

s o

O(Eg) = {S;,/S0:.: . = 0, 6,4, 10, 3,12}
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M, ®M, OM,OM,® .... )T ®NAd<t
o)

M, (tt-1> Ca®cC
M,®M : M
) T e

t-2
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M, ®M, OM,OM,® .... )T ®NAd<t >
t—l

G K

V2@ (t t_l)®<t t-1> - t21 COM,®C
1

K (®yM,)T = Z[t] tm(1-t)n v

P(t)> 0 on (0,1) Renault
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M, ®M, OM,OM,® .... )T ®NAd<t >
t—l

" (0 AR

we e ye) Co Moc
1

K (®yM,)T = Z[t] tm(1-t)n v

P(t)> 0 on (0,1) Renault

K (®yM,)SV@ = Z[t] P, tP.=P._, + P,

P(t) > (0 on (0,1/4) A Wassermann



KO(®N Mz)SU(Z) = Z[t] = RSU(Q) Pi

Verlinde algebra at oo level

tP;=P_ + Py
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Ko(®yM,)?V@ = Z[t] = Rgyy, P; tP;=P,_, + P4

Verlinde algebra at oo level

KO(®N Mz)SUq(2) = RSU(Z) / <Pk> Evans-Gould

q = e(k+2) Verlinde algebra at level k
P((2 cos m/(k+2))?) >0
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Ko(®yM,)?V@ = Z[t] = Rgyy, P; tP;=P,_, + P4

Verlinde algebra at oo level

KO(®N Mz)SUq(2) = RSU(Z) / <Pk> Evans-Gould
q = e(k+2) Verlinde algebra at level k
P((2 cos mt/(k+2))2) >0

K>V (®yM,) equivariant K-theory
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Ko(®yM,)?V@ = Z[t] = Rgyy, P; tP;=P,_, + P4

Verlinde algebra at oo level

KO(®N Mz)SUq(2) = RSU(Z) / <Pk> Evans-Gould
q = e(k+2) Verlinde algebra at level k
P((2 cos mt/(k+2))2) >0

K>V (®yM,) equivariant K-theory

twistKOSU(Z) (SU(2)) Freed Hopkins Teleman



Verlinde algebra

KY.(G) G on G by conjugation
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Verlinde algebra

KY.(G) G on G by conjugation

G finite: C(G) = CY K%(G) =276
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Verlinde algebra

KY.(G) G on G by conjugation
G finite: C(G) = CY K%(G) =276

G abelian

KO.(G)=ZG@R(G) as C(G)xG = C(G)RC*(G)

irreducibles/primary fields (g,m)
G, G"
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Verlinde algebra

KY.(G) G on G by conjugation
G finite: C(G) = CY K%(G) =276

G abelian

KO.(G)=ZG@R(G) as C(G)xG = C(G)RC*(G)

irreducibles/primary fields (g,m)
G, G"

N C NxG doubled: NxG C Nx(GxG)
GC GxG = GonG

47



v, vy, = Ad u(g,h) vy, v, € Aut(N) g € Gfinite group

(Ve Vi) Vi =V (V Vi)

u(g,h)u(gh,k) =w(g,h,k) vgu(h,k) u(g,hk) e Z(G,T)

48



v, V= Ad u(g,h) v, v, € Aut(N) g € Gfinite group

(Vo Vi) Vi = vy (V)

u(g,h)u(gh,k) =w(g,h,k) Vgu(h,k) u(g,hk) e Z(G,T)
h

Hom(v, Vv, , V.V, )= Cu(hah!, h) uth, a)* = . (. hah!
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v, vy, = Ad u(g,h) vy, v, € Aut(N) g € Gfinite group

(Ve Vi) Vi =V (V Vi)

u(g.hyu(ghk) =o(ghk) vuhk) u@ghk) o€ ZXG,T)
Q h o

Hom(v, v,, Vi.i' vy, ) = C uthah'!, h) u(h, a)* = . () ) hah!

t(hah'!, k) t(a, h) = w t(a, kh)
w = w(k, h, a)w'(k, hah'!, hyo(khah 'k, k, h)
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v, vy, = Ad u(g,h) vy, v, € Aut(N) g € Gfinite group

(Ve Vi) Vi =V (V Vi)

u(g.hyu(ghk) =o(ghk) vuhk) u@ghk) o€ ZXG,T)
Q h o

Hom(v, v,, Vi.i' vy, ) = C uthah'!, h) u(h, a)* = . () ) hah!

t(hah'!, k) t(a, h) = w t(a, kh)
w = w(k, h, a)w'(k, hah'!, hyo(khah 'k, k, h)

w € HXG on G,T) = H24(G,T) — H34(G, Z))

H3(G.T) H°(G, Z)
Connes-Jones Dixmier-Douady
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v, V= Ad u(g,h) v, v, € Aut(N)

(Vo Vi) Vi = vy (V)

u(g,h)u(gh,k) =w(g,h,k) Vgu(h,k) u(g,hk) e Z(G,T)
h

Hom(v, v,,V,.;'v,) = C u(hah'!, h) u(h, a)* = . . hah-!

d ~ _
Va® Vi *K(G) = N-N sectors

H3 = level

52



Conformal embedding for finite groups

GxG—=G—=L B
a . H=kermo 2 A

(a,b) — ab’!
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Conformal embedding for finite groups

GxG—=G—=L B
oL - H=kerno 2 A

(a,b) — ab!

o-restriction K9 (L) — K'%(G)
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Conformal embedding for finite groups

GXG;G?L H=kerno 2 A

(a,b) — ab!

o-restriction K° (L) — K%(G)

o, = 2[gyn] O =restriction of H-H trivial bundle to A-A
LLA  ecx!(l)
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Conformal embedding for finite groups

GXG;G?L H=kerno 2 A

(a,b) — ab!

o-restriction K° (L) — K%(G)

o, = 2[gyn] O =restriction of H-H trivial bundle to A-A

LL, ecxl(l
: g&m (1) 0 ®, A

/N

H H
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Conformal embedding for finite groups

GXG;G?L H=kerno 2 A

(a,b) — ab!

o-restriction K° (L) — K%(G)

o, = 2[gyn] O =restriction of H-H trivial bundle to A-A

LL, ecxl(l
: g&m (1) 0 ®, A

o—induction K% (L) = K% 1(GxG) Hf \H

S7



Conformal embedding for finite groups

GXG;G?L H=kerno 2 A

(a,b) — ab!

o-restriction K° (L) — K%(G)

o, = 2[gyn] O =restriction of H-H trivial bundle to A-A
LLA  ecx!(l)

O®, A
a—induction K% (L) = K% 4(GxG) Hf \H
o*:[a,0] — [(ax1)H, (6x1)H] K9, 1(GxG)
o :[bay] — [(Ixb)H, (yx1)H] K%.a (GXG)

atN o~ = K%(L) 58






(xy) — (x+tyx+

K(T)=kery=7Z
K%.(T) =ker y = R(T)

Y)

KI(T)=cokery=7
K!'+(T) = coker y = R(T)

60



(x,y)  —  (x+yx+aky)

K(T)=kery=7Z KI(T)=cokery=7
K%.(T) =ker y = R(T) K!'+(T) = coker y = R(T)
KKO(T)=kery=0 KK1:(T) = coker y = R(T)/(1-a¥)R(T)
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(x,y)  —  (x+yx+aky)

K(T)=kery=7Z KI(T)=cokery=7
K%.(T) =ker y = R(T) K!'+(T) = coker y = R(T)
KKO(T)=kery=0 KK1:(T) = coker y = R(T)/(1-a¥)R(T)

TWISt IIl H1 KO — O Kl — Z/2 62



—>

Ad U to glue

compacts K (L*(T))

m = regular representation

63



—>

Ad U to glue

compacts K (L*(T))

m = regular representation

point o —>» Q

KO (point) —» KkK!(T)
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SU(2) on SU(2)

t ~ (t!
Conjugacy classes 1/Z, ( t'1> ( t >
SU(2) 1
1 ®
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SU(2) on SU(2)

t ~ t-l
Conjugacy classes 1/Z, ( t'1> ( ¢ >
SU(2) T
1 ®
-1
K (L*(SU(2))) .
— </ character of stabiliser T

Un| U= . 71|y

H3gy0, SUQ) =~ Z

66



(®N M2)T

oW + !

= Z
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(®N M2)T
Ry = A

w+w!l =z Q —>

dim(®<M,)T = <Ak Q Q> = J (w+ ow!)*dow

_ J Sk dy A=U+ U* on 12(Z)

SCEVAVAVAVAVA
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(@ M,)!
Ry~ A

O +wl =z Q N

dim(®<M,)T = <Ak Q Q> = J (w+ ow!)*dow

= 7% dz A=U+U* on 1*(2)
e A VAVAVAVAN
dim(®k M,)SU® = <A Q Q> = A =S+ S* on I(N)
72k +/ (4-7%) dz
2w
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—>

 —

-1 -1
W +0W, +wW; W,

3w

3w
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W
;™! — 0, +0,7+o o, =z
0, w,
A=U®I] +1U*+U*®U
dim(®<M,)T> = <IAPXKQ Q> on 12(ZxZ)
_ 3 1z dz BRVADRV.E
> (27-18 |z|? +422 +4z*3—|z|*)1? 10 \ 09 \/10)

0-1) \/(-1)
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W
;™! — 0, +0,7+o o, =z
0, w,
A=U®1 +10U*+U*®U
dim(®<M,)T> = <IAPXKQ Q> on 12(ZxZ)
_ 3 1z dz e
702 (27-18 |z|? +47% +4z*3—|z|*)1/? (19 \fog o

IRV(EVV/(E I

dim(®% M,)SU® = <IAPx Q Q>

272
A =S®1 +1®S*+S*®S on 1(NxN)

_ J ZI%K (2718 |z|> +47% +4z*3-|z]*)12 dz
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Mod invts

T,SUR2) — ADE<?2

T2, SUQ(3) —» ADE <3

AN,

finite subgps

affine ADE =2

=3
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Mod invts  finite subgps

T,SUR2) — ADE<?2 affine ADE =2

T2, SUQ3) = ADE <3 =3
AN,
A, W x roots of 1

W = Im(w)? = (4-z2)'72
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3w

<

-

<

-

3w

\ 4
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SU@B) —» (Eg),

Figure 11: (F) = ¥°(72 x 3)

SUQR) — (Eg)xZ;

Figure 12: (G) = ¥ (216 x 3)
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Q .

w > 0+0 =z

w?-zo+1=0
w={z +1(4-2?)12}/2 « z
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Q .

w > 0+0 =z

w?-zo+1=0
w={z +1(4-2?)12}/2 « z

e )

. , _ 1 1 _

w=2z-P+(z>-3z%)/3P
P = {[27 -9|z)* + 22> +3.312 (27-18 |z|> +42> +4z*3—|z|")1/2]/2} 13

zZ—> 0,0 78



SU(Z) ADE Cappelli, Itzykson, Zuber

Subfactor realisation: Ocneanu, Feng Xu, Bockenhauer-Evans-Kawahigashi

D, |X0 + X4|2+2|X2|2 Eq |X0 + X6|2+|X4 + X10|2+|X3 + X7|2

SU2), — SU(3), SUQ2),, — Sp4),

Freed-Hopkins Teleman
N-N  “K4(G) M m
N-M ’/‘ ’\‘\.
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Evans-Gannon

SU(2) on Sp(4)
E?, = Tor ROUI(Rgy,, Kig,4(Sp4))

. K*SUZ(Sp4) =77

82



02

02 ‘ 02

SU2 SU2

co-stabilisers
SU(2)

O(2)

SO(2)

Evans-Gannon

SU(2) on Sp(4)

IKOSU2( A )

—_—_—— e R ———mm m ——— = — — — —

finite stabiliers
Eq

D. D,

As A;

A, generic
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