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0. Introduction

m We discuss the algebraic quantization of a Klein-Gordon field in anti-de Sitter (AdS),
a simple example of a non-globally hyperbolic spacetime, extending the work of Avis,
Isham, Storey (1978), Allen & Jacobson (1986) and others.

m We consider Robin boundary conditions at infinity, by treating the system as a
Sturm-Liouville problem, complementing the work of Wald & Ishibashi (2004).

m We show that it is possible to associate an algebra of observables enjoying the
standard properties of causality, time-slice axiom and F-locality.

m We characterize the wavefront set of the ground state and propose a natural
generalization of the definition of Hadamard states in AdS.
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Anti-de Sitter spacetime



. Anti-de Sitter spacetime

m Definition: Anti-de Sitter AdSg41 (d > 2) is the maximally symmetric solution to
the vacuum Einstein’s equations with a negative cosmological constant A < 0.

It is defined as the hypersurface in R%*2 with line element

d+1
ds? = —dX§ —dX7+ ) dX?
i=2
given by the relation
d+1
. dd-1)
X expeyare e, =MD

=2

m Anti-de Sitter spacetime is not globally hyperbolic: it possesses a timelike boundary
at spatial infinity.



1. Anti-de Sitter spacetime

m Poincaré patch (¢,z,2;),t € R, z€ Rypand z; e R, i =1,...,d—1,

02 g
ds® = = (—dt? + dz? + 6 da;da;)

The region covered by this chart is the Poincaré fundamental domain, PAdSgy1.




1. Anti-de Sitter spacetime

m PAdS;4y1 can be mapped to He+! = R-o x R via a conformal rescaling
ds?® €—2d32 = —dt* + dz* + 0 dz;dz; .

We can attach a conformal boundary as the locus z = 0 and obtain
HIH = Rsq x RY, the half Minkowski spacetime.

m Remark: From now on, we set £ = 1.
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Klein-Gordon equation and causal propagator



2. Klein-Gordon equation and causal propagator

2.1. Klein-Gordon equation and boundary conditions
m Klein-Gordon equation. Poincaré domain (PAdSg4y1,9), ¢ : PAdSg11 — R,

Py = (0y—m§—ER) ¢ =0.

m Lemma: In ]ﬁId‘H, , P = z%gb : HIH! 5 R is a solution of
n

2
Pﬁ):(Dn—%)@:O,

with m? =m — (&€ - d4;dl)R.



2. Klein-Gordon equation and causal propagator

2.1. Klein-Gordon equation and boundary conditions
m Klein-Gordon equation. Poincaré domain (PAdSg4y1,9), ¢ : PAdSg11 — R,
P = (0g—mi —¢R) ¢ =0.

m Lemma: In ]ﬁld"'l, , P = Z%gf) : HIH! 5 R is a solution of
n

2
P,@:(D,,—%)@:O,

with m? =m — (&€ - d4;dl)R.

m Fourier expansion. Fourier representation of ®:

Q):/ ddkeibg(fﬁﬁa @i(txl?"'al‘d—l)a Ei(wakla"'akd—l)7
R4

where CTJE are solutions of the ODE

R d2 m2 R R d—1
D) = (i + 0 ) B = ABu), A=t o YR
=1

This is a Sturm-Liouville problem on z € (0, +00) with spectral parameter \.



2. Klein-Gordon equation and causal propagator

2.1. Klein-Gordon equation and boundary conditions

m Definition: For any zp € (0, 00) we call mazimal domain associated to L
Dinax(L; 20) = {W : (0,20) = C | ¥, 9L € AClc(0,20) and ¥, L(¥) € L*(0,20)} ,

where AC)o.(0, 29) is the collection of all complex-valued, locally absolutely
continuous functions on (0, 2zp).

s Fundamental pair of solutions of L& = \® = ¢?® as

®i(2) = \/gq_”\/? Ju(qz),

[ fFevEre, v e1),
\ff[Yoqz ~log()| . v=0,

where v = £v/1+4m?2 > 0. Only ®; € L*(0, ) for v > 1.



2. Klein-Gordon equation and causal propagator

2.1. Klein-Gordon equation and boundary conditions

m Definition: ¥, : (0,00) — C satisfies an a-boundary condition at the endpoint 0, or
equivalently that U, € Dyax(L; @), if the following two conditions are satisfied:

there exists zg € (0,00) such that ¥, € Dyax(L; 20);
there exists a € (0, 7] such that

lim {Cos(a) W, [¥ o, 1] + sin(a) W, [Ty, <I>2]} =0,

z—0

where W, [¥,, ®;] = ¥, 92 — @, 4% j =1 2 is the Wronskian.



2. Klein-Gordon equation and causal propagator

2.1. Klein-Gordon equation and boundary conditions

m Definition: ¥, : (0,00) — C satisfies an a-boundary condition at the endpoint 0, or
equivalently that U, € Dyax(L; @), if the following two conditions are satisfied:

there exists zg € (0,00) such that ¥, € Dyax(L; 20);

there exists a € (0, 7] such that
lim {Cos(a) W, [¥ o, 1] + sin(a) W, [Ty, <I>2]} =0,

z—0

where W, [U,, ®;] = \IJQ% — @i%&, 1 =1,2, is the Wronskian.

m Ifve€0,1), ¥, may then be written as
U, = cos(a)®; + sin(a)Ps .

If v > 1, no boundary conditions at z = 0 are imposed and we may take ¥ = U,

m These boundary conditions are also commonly known as Robin boundary conditions.



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator

m The building block necessary for the algebraic quantization is the causal propagator
Gq € D'(PAdS441 x PAdS,41). The propagator in PAdS;y1 can be reconstructed via

Go = (zz')%GH’a.
with G o € D’ (]Ii}ld+1 X ]Ii]IdH). The latter satisfies

(P, ®1)Gra=(1® P,)Gua =0,

Guolf, )= —Guao(f',f) Yf, f € C(HHY),
d—1
Gualt=t =0, OGuali=r = OvGuali= = H 6(z; — 33;)5(2' - ZI) .

i=1



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator

m The building block necessary for the algebraic quantization is the causal propagator
Gq € D'(PAdS441 x PAdS,41). The propagator in PAdS;y1 can be reconstructed via

Go = (zz')%GH’a.
with G o € D’ (]Ii}ld+1 X ]Ii]IdH). The latter satisfies

(P, ®1)Gra=(1® P,)Gua =0,

Guolf, )= —Guao(f',f) Yf, f € C(HHY),
d—1
Gualt=t =0, OGuali=r = OvGuali= = H 6(z; — 33;)5(2' - ZI) .

i=1
m We consider a mode expansion for the integral kernel of G q,
d%%
—e

pRE Cralz 7)),
m)2

GH,O&(E - &la Z, Z/) - /
Rd

where Gy (2, 2') is a symmetric solution of

& om
a2 2 4

Il
>
(g

(L&D Cra(z 2) = IOL)Gra(z,2) = ? Gralz,2), L=-



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator
Let 72 = 0! (2 - 33”)2 and

0 g\ sin (\/kz—l—q?(t—t’—ie))
et = [ ak (—) Jus (kr) g |
0 2

r 27 (k2 + ¢?)

Proposition: The causal propagator Gy o € D’ (]ﬁldJrl X ]ﬁIdH) for different values of
v € [0,00) has integral kernel given by the following expressions.

Ifvel,c0),

e—0t

Gur(z,2') = lim \/zz/ dq I(q,r t,t") J,(q2) ], (q2) .

If v € (0,1) and co = cot(a) <0, that is, o € [F, 7],

Guo(z,2") = lim \/Z/ dq I(q,r,t,t") = Yeo (2)¥ea (2)

e—0+ 2 — 2caq? cos(vm) + ¢’

where Y., (2) = cady(qz) — ¢** J_,(q2).

Remark: There is no ground state for Robin boundary conditions with ¢ > 0 and for
v = 0, so these cases will not be further considered.



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator

Proposition: Let:

[ (4w d vt 2 feosn ()] ) ‘
G(D)(x,ml):el_j;(l)1+ [ ( - )}dw (e > —¢€)]| ,
cosh ge | ?
- . = 2) :
GMN(a,a') = lim F(2 ’ [ (F){;‘)Shf )] ool
‘ cosh % ?

where 0. = o + 2ie(t —t') + €2 and F is the Gaussian hypergeometric function.

The integral kernel of the causal propagator on PAdSgyq is
Galu) = N,y [cos(a) GO (u) + sin(a) GV (u)]

where Ny is a normalization constant, v € (0,1) and « € [5, 7).



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator
Theorem: The wavefront set of the causal propagator Gy q in HH! s given by
WF(Gaa) = {(2, k2 K) € T*(HH) 2\ {0} : (2, k) ~s (2, ) }
m ~: 3 null geodesics v,7' ) : [0,1] — H with

n 7(0) =2 =(z,2), 7 (0) =207 = (2, —2) and 7(1) = 2';
w k= (kg k) () = (ky, —Fk.)) is coparallel to v (7)) at 0;
m —k' is the parallel transport of k (k")) along v (")) at 1.

t A ,

x(‘_}’,}g(_) k\gf
e Y

20

Remark: These results are in full agreement with Wrochna (2016) for a = 7.



2. Klein-Gordon equation and causal propagator

2.2. Causal propagator

Definition: We call space of off-shell configurations with an a-boundary condition
Ca(ﬂi]IdH) = {(I)a e C™ (]Ioﬂd"'l) | EI\JEQ € DmaX(L;oz)} ,

where

and z = (t,z1,...,24-1) and k = (w, k1, ..., kg—1).

Secondly, we define
LA

Coo (A1) = {% € Co(HY) | IR, By € CF° (HHY)
O, (z,2) = cos(a)ZVJr%Fl (z,2) supp(fa)

+ Sin(a)z_”Jr%Fg (z,2) } .

A\

Proposition:

ker(GH’a)}éa’o(]ﬁIdJ”l) = P,[Cayp (Hd+1)] . For € Coo (HTH)\ OG0 (HIT+1)
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3. AQFT and Hadamard condition for AdS

3.1. Algebra of observables

Definition: We call A, (]Iz]IdH) the off-shell x-algebra of the system with complex
conjugation as x-operation. It is generated by the functionals

Fu@) = [ a1 6u(a)falo).

where fo, € Cap (]Ii]IdH) and ¢, € C, (]If]IdH).



3. AQFT and Hadamard condition for AdS

3.1. Algebra of observables

Definition: We call A, (]Iz]IdH) the off-shell x-algebra of the system with complex
conjugation as x-operation. It is generated by the functionals

Fu@) = [ a1 6u(a)falo).

where fo, € Cap (]Ii]IdH) and ¢, € C, (]If]IdH).

Definition: We call A" (ﬁd+1) the on-shell x-algebra of the system, generated by the
éa,o(ﬁd+1)

Pn [éa,o (ﬁ‘“l )] and

functionals Fiz ), with [fa] €

Fralda) = [ 4% fa(@)éao).



3. AQFT and Hadamard condition for AdS

3.1. Algebra of observables

Definition: We call A, (]Iz]IdH) the off-shell x-algebra of the system with complex
conjugation as x-operation. It is generated by the functionals

Fu@) = [ a1 6u(a)falo).

where fo, € Cap (]ﬁldﬂ) and ¢, € C, (]Ii]ld“).

Definition: We call A" (ﬁd+1) the on-shell x-algebra of the system, generated by the
éa,o(ﬁd+1)

Pn [éa,O (ﬁ‘“l )] and

functionals Fiz ), with [fa] €
F[fa}((ba) = / 4ty fa($)¢a(x) :
Hd+1

Proposition: The algebra A (H9+1) is
causal, that is, algebra elements supported in spacelike separated regions commute.
fulfils the time-slice axiom, i.e. let O.; = (t — €,t 4 €) X He, ¢ >0 and L € R, and let
AP(Ocp) be the on-shell algebra restricted to Oz, then A" (IEO]IdH) ~ A (O 7).

is F-local, namely it is *-isomorphic to A(D), where D is any globally hyperbolic
subregion of H*+1,



3. AQFT and Hadamard condition for AdS

2. Hadamard condition in AdS

Proposition: Let:

-2
F( -|-1/,2+1/ 1+ 2v; cosh( 2‘76)} )
wéD)(x,a:') = lim

|
T e
(N) [

-2
F (% - V, cosh ( 2“)} )
ws (x,2') = lim )

0 [cosh (@)} 2

where 0. = o + 2ie(t —t') + €2 and F is the Gaussian hypergeometric function.

The integral kernel of the two-point function associated with the ground state is
oo (1) = Ny [cos(a) WP (w) + sin(a) wi™) (u)}

where Ny is a normalization constant, v € (0,1) and a € [5, 7.



3. AQFT and Hadamard condition for AdS

3.2. Hadamard condition in AdS

Proposition: Let H(x,xz') be the Hadamard parametriz in PAdSy.1 and let
H) (z,2') = o H(x,2"), where v, (x,2') = (x, —2z;2',2'). Then, if o # %TW’ the two-point
distribution wa o (z,2') is such that

_,cos(a) + (—1)"% sin(a)
cos(a) + sin(a)

woa(z, 2’ — H(z,2') —i(-1) HS) (2,2

lies in C*°(PAdSy1 x PAdSy.1).

Remark: If v = %, we recover the method of images.

t A
/
x
»
7/
e
7/
7/
,
7N 7
AY
7 N e
e e
s N s
s N ’
N //
// N e
N 7/
1'( )// T
o A
* ¢ >
—20 20




3. AQFT and Hadamard condition for AdS

3.2. Hadamard condition in AdS

H
2,

WF(w,) = { (@, ko', k) € TH) 2\ {0} : (@,k) ~a (oK), K50}

Theorem: The wavefront set of the two-point distribution wy  in H+ s given by

m ~: 3 null geodesics y,~\ ) : 0,1] — H with
m y(0) =z =(z,2), 7 (0) =20 = (z,—2) and (1) = &';
w k= (kg k) (k) = (ky, —Fk.)) is coparallel to v (7)) at 0;
m —k' is the parallel transport of k (k")) along v (")) at 1;
m ko 0: k is future-directed.
t4 )




3. AQFT and Hadamard condition for AdS

3.2. Hadamard condition in AdS

Definition: We call a state w® a Hadamard state for a scalar field in H+! if its
two-point function has a wavefront set as above.

This definition can be read as a generalization at the level of states of F-locality.

Proposition: Any Hadamard state w for a scalar field on M9+ is such that wo,p, the

restriction to any globally hyperbolic subregion D C H4*! of the two-point function wil,

has a wavefront set of Hadamard form

WF(wo,p) = {(z,k;2', k') € T*(D x D)\ {0} : (z, k) ~ (2/,K), k> 0} .

Remarks:

m These results are in full agreement with Wrochna (2016).

m With the definition of Hadamard states above, it is possible to construct a global
algebra of Wick polynomials in AdS.
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4. Conclusions

m We analysed the algebraic quantization of a real, massive scalar field in AdS in terms
of a equivalent theory in H!. We treated the classical dynamics as a singular
Sturm-Liouville problem and considered Robin boundary conditions at infinity,
which only depend on the mass of the field.

m We computed the two-point function for the ground state obeying these Robin
boundary conditions and obtained its wavefront set. Besides the usual singularity
along null geodesics, there exists only one extra singularity along reflected null
geodesics, independently of the mass of the field. This suggests a natural
generalization of the Hadamard condition to spacetimes with timelike boundaries.

m Ongoing work:
m extend this formalism to stationary, asymptotically AdS spacetimes;

m construct Hadamard states in other similar spacetimes, such as AdS black holes
(ongoing: BTZ black hole).
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