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MOTIVATION

e Random Geometry framework (“Quantum Gravity")

Z:i DlgleSarls] ~ 2 V(M)
topologies

topologies ( >) c 2 2
geometries é geometries

@ Random matrices do that successfully for 2D. Random tensor models
is a higher-dimensional arena, together with QFT-techniques, based
on this idea

e Gurau-Witten model based on SYK-model (Sachdev-Ye—Kitaev).
Random tensor methods useful in AdS;/CFT; (Maldacena, Stanford)
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OUTLINE

@ matrix and random tensor models

e Non-perturbative approach to quantum (coloured) tensor fields

¢*-intearction Ag ( LA A

3

» graph-calculus: correlation functions

» full Ward-Takahashi Identities: non-perturbative, systematic approach

» Schwinger-Dyson equations: equations for the multiple-point functions
(joint work with Raimar Wulkenhaar)
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Random matrix theory: ensembles

@ Nuclear physics (Wigner). Stochastics: E C My (IK):

Z:/d
Ey

Statistics of random eigenvalues; study limit N — oo; universality,
p-independence (tensor models too: book by R. Gurau)
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Random matrix theory: ensembles

@ Nuclear physics (Wigner). Stochastics: E C My (IK):

Z:/d
| du

Statistics of random eigenvalues; study limit N — oo; universality,
p-independence (tensor models too: book by R. Gurau)

@ usually, for certain polynomial P(x) = Nx?/2+ N V(x),

Z = / dMe-Tr PM) _ / AM e YT M2 —NTe V(M) _ / dyug e NTEV(M)
JE S — JE
Ho

@ Kontsevich, Grosse-Wulkenhaar, Barrett-Glaser, ... models

o V(M) =M (p=4,6,8) _/H\_ _}LQ;, _EJL&_
N 0 A%

v
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“Rank-2 tensor models”

@ For complex matrix models /D[M,]T/I]efTr(MMU*)‘V(M’MJF)

2

0 0
S =TT T T T
-7 ez T TS SFS RN -7 cPETT TS =< N
e - Y 7z - ~ N
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ST 0 - ~ < 0 —”’/
y
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“Rank-2 tensor models”

@ For complex matrix models /D[M,]T/I]efTr(MMU*)‘V(M’MJF)

= dual triangulation to —>< <—x

0
,’——_——_0 _____ ‘\‘\
// -7 RS \\
1 \
V2 ! 1 2 )
- 0 -
~ . 0 ”,’

v
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“Rank-2 tensor models”

@ For complex matrix models /D[M,]T/I]efTr(MMJr)*)‘V(M’MU

--. = dual triangulation to —>< <—\

prmm— S

e D

@ rectangular matrices, M € My, xn, (C) and M — UL M(U®P))".
U(Ny) x U(Ny)-invariants are Tr((MM")7), g € Z>,
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COLOURED, TENSOR. MODELS

@ a quantum field theory for tensors ¢;,. 4, and aul...aD

the indices transform under different representations of

G= U(Nl) X U(Nz) X ... X U(ND)

forge G, g = (UW,...,uP), u e U(N,),

8 1 2 D
Paray..ap = (qol)ﬁlﬂzﬂD = uc(zll)Jl Uéﬂzz c u{EDb)D Pby..bp

the complex conjugate tensor @, ,, transforms as

— 8 (— 71 732 D) —
(Palaz...aD — ((Pl)ulﬂZ"”D - ua1b1 u{lzbz co uaDhD (Pb] b2~-bD

@ G-invariants serve as interaction vertices

Sle, 9] =) _1Trp,(9,9) = Trp, (@, ¢) + ) AuTrp, (9, ¢)
i ®
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Feynman diagrams: Choose an action, for instance, the go%—theory,

Sle, @] = Tri, (@, @) + A(Try, (@, @) + Try, (¢, @) + Try, (¢, @)

and
we ) Low Lo T
78 G 78
7] = fD[go, @) eTr32(j(p)+Tr32((p])—N25[(p,¢}, with Trg, 5 P

[ Dlg, §] e N*Slo.al

duc(e,9) := Dlo, @]e—NZSo[W] - H we—mﬁgz(w)
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Feynman diagrams: Choose an action, for instance, the go%—theory,

Sle, @] = Tri, (@, @) + A(Try, (@, @) + Try, (¢, @) + Try, (¢, @)

and
we ) Low Lo T
78 G 78
7] = fD[go, @) eTr32(j(p)+Tr32((p])—N25[(p,¢}, with Trg, 5 P

/' Dlg, geslo7)
=\ . 5leN?Soleg] . dgad@, Nty (9,9)
dc(¢, @) = Dlg, ple =1l pe ™

o Write g EE§ for Wick's contractions w.r.t. the GauBian measure

/dVC((P@)(Pa@p =Cla,p)=Jdp=aF-""278p
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Vertex bipartite regularly edge—D-coloured graphs

@ Feynman graphs of a model V, Feynp (V) are (D + 1)-coloured.
Crystallization theory or GEMSs [PEzzana, '74] says all PL-manifolds of
dimension D can be represented as D + 1-coloured graphs, Grphp_ 4.
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The complex A(G)

@ for each vertex v € G\, add a D-simplex 0, to A(G) with colour-labelled

vertices {0,1,...,D}
0
S
1

@ for each edge ¢, € gk(” of arbitrary colour k, one identifies the two
(D —1)-simplices () and 0y, that do not contain the colour k.

0 7 0
S, ' '
on k D
1 1
-

edges come from either ¢a, . a;...ap 00,0, Ppy..pr..pp (kK 7 0) or @app (k = 0).

v
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The complex A(G)

@ for each vertex v € G\, add a D-simplex 0, to A(G) with colour-labelled

vertices {0,1,...,D}
0
S
1

@ for each edge ¢, € gk“) of arbitrary colour k, one identifies the two
(D —1)-simplices () and 0y, that do not contain the colour k.

0 7 0
S, ' '
on k D
1 1
-

edges come from either ¢a, . a;...ap 00,0, Ppy..pr..pp (kK 7 0) or @app (k = 0).

v

[Gurgu, '09] and [Bonzom, Guriu, Riello, Rivasseau, '11];

D(D—

I 1‘\\’, 5 ’
T ") = exp(—Sgregge[N, D, A])

2 ~ . . -
= D-—piw(§) generalizes ¢; not topol JRIVEIGEGT

A(g) — /\V(g)/zN F(G)
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WARD-TAKAHASHI IDENTITY

@ motivated by the WTI for matrix models by [Disertori-Gurau-Magnen-Rivasseau];

@ WTI fully exploited by [Grosse-Wulkenhaar]
@ for T* a hermitian generator of the a-th summand of Lie(U(N)P),

dlogZ[],]]

=0.
5(Tg)ma”n
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WARD-TAKAHASHI IDENTITY

@ motivated by the WTI for matrix models by [Disertori-Gurau-Magnen-Rivasseau];

@ WTI fully exploited by [Grosse-Wulkenhaar]
@ for T* a hermitian generator of the a-th summand of Lie(U(N)P),

slogZ[],]] 0
5(Tg>mana .
@ this implies a relation of the type
827[1,] ]
Y E(mg,n,) F U ] = D;;Z[],]]
pi€Z ]plmpuflmupwrlmpD]pl~'-pu71napa+1~-'pD
where E(myg,n,) = —E(ng,m,) anihilates &y, -terms. Aim: find them.
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Expansion of the free energy

R 1 (26)
W[IJl =3 Y G« J(B) .
(1 Beoreynp(vigg) AUt(B)]
2k=#(B()

v
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Expansion of the free energy

@ imdy = d Feynp (V) is the ﬁ of the model V

- e 1
WL =Y. Y ———— G& « J(B).
k=1 Beimdy
2k=#(Vertices of B)

|Aut.(B)]

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

WITLJ] = i Y. mutlw G2 « 1(B) .

k=1 BeoFeynp(V(¢9,p))

zk#(Bw‘))//
@ Coloured automorphisms of BB

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

1y 1 (26)
WILT =Y, Y ———— Gy * J(B).
(1 Beoreynp(vigg) AUt(B)]
2k=#(B0))
@ Coloured automorphisms of B3
J Jy1
= A B, :Mka(B)<C> HMka(B)(C)

° 3//@\\ (H(B))(l(l_/'"/xk):]xl"']xkjyl jy’\'

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

W=y % !

(2k)
; Gg ' ~ J(B).
k=1 BedFeyny(V(¢,3)) | Aut(B)|

N
2k=#(B) %
\
@ Coloured automorphisms of 3 \
\
Tyt Ty \
~ - _ \
Jx2)\ \\ // ,7Jy2 ‘.
~ - |
. . 1 ky _ o
C ://@\\ : (H(B))(X/"'/x)_]xl"']xkjyl/"' ]yk
2 e 0y g
' - (2k) 2k 7 - 7
e Green's function G5/ = 0= WIJ,J]/J(B)|/—j— -
y
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

R 1 (26)
WiILT =3, Y G2 % J(B) .
(1 Beoreynp(vigg) AUt(B)]
2k=#(B0))

@ Coloured automorphisms of B3
Tyt Jy1

° f/@\ : (H(B))(l‘]_/-\.,.,_)(ﬁ):]xl...]xkjyl

Toek! Ty e

e Green's function ng) = 0% WIJ,71/3)(B)|}—j=o
® F:Mpu)(Z)—C;  *: (FJ(B)

C. |. Pérez Sénchez (Math. Miinster) Boundary-graph-expansion of W[J,]] 23 June
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Green's functions

oX[,]] _ X[ ]|

a t@c B a]a a]b a]C ajﬂ1C2b387b102C3ajC1b2ﬂ3

a e
(@) = 080 08 + 08050f + 050808 Aut.(88) ~ Z,
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Green's functions

)\\\\ L p? ‘ r
«G-. Q e B=0G ~ 1(B)a)} =T,
. i=1

oX[,]] _ X[ ]|

a t@c B a]a a]b a]C ajﬂ1C2b387b102C3ajC1b2ﬂ3

° So: a (%) — 525558 + 080208 + 550858 > Auto (D) ~ Zs
f
0 t@ac
Lemma
2%k =
ng)(al, , k) 0~W,J] are all non-trivial, B € imo

T AB@EL. ) |
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Boundary graphs and bordisms interpretation

@ since B = 9§ represents the ‘boundary of a simplicial complex that G
triangulates’, one can give a bordism-interpretation to the Green’s functions

e for instance, if |A(B)| =S> U (S* x S') ULz = M, then Gg = 0OW /3B
describes the bulk compatible with the triangulation of M

. P . —
) fLs ) )
/ \
4 N
y -generated " -generated @ -genera xu d
+ N + &
4D-bulk AD-bulk AD- lmlk
\ \
S\ / T s>\ T~ S \
\% 45 ) [vor N 42 / \X L& )
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Lemma

The boundary sector of rank-D quartic melonic models is all of IIGrphp.

@ For D = 3, all quartic vertices are melonic. The lowest order boundary
connected graphs are:




@ D = 4-connected boundary graphs

Aut (M) = {x} Aut.(V;)

No counting For any colour
needed 1 E { 1,2, 3, ]}

Aut(C;) = Zs

arbirary colour ¢

arbirary colours 7, j




coloration
dependent

Aut(F'y) = {x}

k arbitrary, but
pairwise i, # i,




"»U/”

145

Ca+J(D) +

=3[l.]J] =

Wp




Wp=3l/, ]|
Wousl]J] = G2 < B(D) + 5,6 o xIE) + 3 68 3([7D)

c




Wp3J,J]

Woosl]J] = G2 J(E) + 2,62, | <I(E u2)+%ZGE,4),*]I D) +3 260+
1(4D) +308 (D) + 260 I(1D) + 568 610y NS +
1

EEG%\@E\*H(@U@)




Wp=s[],]]

WD:SUJ]:Gg*]](@)-‘rz'G‘@l@‘ ]](@uz)-&-lZG%r*]](@)+%ZG;§)*
1 . N
C +§Gg*ﬂ<§§>>+;c§m*u<>+3,c‘<@n@,@‘ (&%) +

1 1 1

L4 1
@ @ 4| \@\@\@\@\*H(@ ”ﬁgc%@\@d*ﬂ(@u@umﬂ
1. 1 8 ¢
36\6\%\*H<6U%>+§;G\@\@\*H(6u@)+; Bl | J(Sv

N LI
TT0) + 7 0t 0E LT+ £l 900 T 1200+ %
D L j i JF t [ j

) NP l oto 1
*H(OZ@HZG,‘*” ,*MIOE@ZH L G *H(i@i )+
: T o I#i#] @ ol

i

b

b))+ 6® « i NV + 010
)+ Gy ]I(,, ) +0(10).

—




Theorem (Full Ward-Takahashi Identity for arbitrary tensor models)
If the kinetic form E in Try(p, E@) of a rank-D tensor model is such that

Epr..pa-1mapasrpp — Eprpo-1napasi.pp = E(a,ng)  foreacha=1,...,D

then its partition function Z[],]], as a consequence of unitary invariance of the
measure 8Z[J,]]/6(T")mun, = 0, T* a generator of u(N)), satisfies

2Z[J]]

piEZ 5]]91--~pafl”'lapa+1--~pl) 5]}71 --Pa—1MaPa+1---PD

1 = ) 0 -
= 2 i | Jprmepp 57 —Jpvmapp 57 2]
2 E(mq,na) ( Pt 5]p1...nn...pp Pt o]pl..ma...pD 2

pi€EZ

— (Gmarm Y T) - 211

where

=y ¥ m«cgk%s»mn

k=1 B€imady
k
_ / AB 2k B
X%Be%@ |AUtc( )‘ r;( mﬂ >*H( 66)

v
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Defining B —> B HC}? and AB ; (C.):Z](I) B

Mg,

Locally:

Oee;‘ \/
\/‘

v
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Defining B— B & ¢, and AL - (

Locally:
xE(risa)

eCel \/
— <«
————

xE(rd.a) —

Let w = (1a, {qn }ner(en), {xg;(r’g’a) Yeea(en)) (colour-ordered);

® g;, is a dummy variable for each colour-h removed edge other than ¢,

o xg(r,g/ﬂ) CO|OUI’—g entry of xé(",g,a)

Set, for F : (ZD)k — C,

AB F 1/“")/(7""’in1 = Fxll"'/xril/w Mg, X, /a../Xk7
Mg, q
{qh}
(2k) 2%k
<<G(B ),P ng = Z < i r g )> *]I(B @62)

1) and

v
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Examples of <<G(b’2k’, B)) m,

@ for instance, for D =3, a0 =2

<<G‘<26), @>>le - 1112 1G( Z G QL ma, %) .

q1.93 €Z

4
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Examples of <<G;52/<>, B)) m,

@ for instance, for D =3, a0 =2

<<G‘<26), @>> - Amz 1G( Z G qll mZ/ q3) °

IS

@ InD =4, for F. =

Feoe=Foe= @ , Fed={),0)

c® - .
!y ]: my = A’”n/] G ]~ ]I ‘ ’
(G G ) F ( .!. ) Amg,2G(}?{> (y.2)

(6)
+ A, 2G 7 *H(m ) :ZG(}@(YI (ma,yblqc,zd)/z)
—+ Amn,3G}'(’ *]I(aa ) qc
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Graph-generated functionals
@ For any k € IN let

For =1, ¥) € Mp(Z) |y* #y¥ forallc=1,...,D,
foralla,v=1,...,ka#v}.

@ We define the graph derivative of a functional X[J,]J] with respect to B at
X=(x}...,x) € Fpy as

° Ygf) ] = Z féﬂga *J(C). The derivative w.r.t. connected B € Qy is
CeQy

@7 7
T - @i,

oeAut.(B)

where (c*f3)(x!,. ..,xk(B)) = fB(x”_l(l), . ,,,X‘T_l(k(B))) _



SCHWINGER-DYSON EQUATIONS

me

SDEs for the @}, p-model (k > 2) [C.P., Raimar Wulkenhaar]

Let D > 3 and let B be a connected boundary graph of the quartic melonic
model, B € Feynp (¢ p) = Grphpe.

C. |. Pérez Sénchez (Math. Miinster) Schwinger-Dyson equations 23 June 22 /30



SCHWINGER-DYSON EQUATIONS

SDEs for the q)j;wllp—model (l\ > 2) [C.P., Raimar Wulkenhaar]

Let D > 3 and let B be a connected boundary graph of the quartic melonic

model, B € FeynD(goiq,D) = Grphg’d. Lets = y', where B.(X) = (y,...,y")
for any X € Fy(p),p-
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SCHWINGER-DYSON EQUATIONS

SDEs for the q)ﬁwl,D—mOdd (]\ > 2) [C.P., Raimar Wulkenhaar]

Let D > 3 and let B be a connected boundary graph of the quartic melonic
model, B € FeynD(guiq,D) = Grphg’d. Lets = y', where B.(X) = (y,...,y")
for any X € ]:k(B),D- The (2k)-point Schwinger-Dyson equation corresponding to
B is

(1+“ 3 AG<2><sa,qﬁ>)GE§"’<X> (1)

- i{ Yo )+ Y~ zo1_ 92Ul

FeAute(B) SSTEWh ) 95a(BiLp)(X)

N Z E(Sal’ ba) [G(sz) (X) = G(62k> (X‘saebn)} }

for all X € Fpy(g)- Here sada = (91,92, - --,9a—1,5a,Ga+1,- - -,4D)-
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A SIMPLE QUARTIC MODEL

@ Proposal of a model with V[g, ¢] = A - 11

Solg, @] = Tr2(9,Eg) = Y. ox(m® + [x))gx, x> =2 +33+23,

xeZ3

@ The boundary sector is determined by:

dFeynsy(1571) = {B € Grphl' : B has connected components in @}

beine 0={e, 1, @, @, @, @,}

o Let Xy be the graph in @ with 2k vertices, and G2 = Gg?z?:

G2 =c® cW =g g6 =g G =gB G gl

(S g an @ @

C. |. Pérez Sénchez (Math. Miinster) Schwinger-Dyson equations



Preparing the SDEs
o AutC(XZk) - Zk

so 61(Ao; 1, P) = App2 U Xpp_2p42
o Y]] = stl J(X)+ Y jelxJ(e)

=0 C disconnected

2
;;( w |©\©\+AS”G(4))

f25 =

—= N

k
_ (2k+2) 1 (2k+2)
Fass = DGl + g Ly BanC T fork 2 2.
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Schwinger-Dyson equations (S°-geometries)

Let B be a connected boundary graph of the quartic model with 2k
vertices (k > 1), B € Feyng(11). Lets = y' = (xi,x5,x}), where

() (X) = (v',-...¥), X € Fa.

The (2k)-point Schwinger-Dyson equation corresponding to B is

1+ G (s1,q,p >-G(2k)X
( mz—l-qu;gz R ()

24 o . Zy! 9Z[J,]]
- mz+s|z{ Py DA i WY s R RS WA 67

0EZ, p>1

)2

jeZ st —q?

1

6% —c<2k><><|sﬁq>]}-

C. |. Pérez Sénchez (Math. Miinster) Schwinger-Dyson equations 23 June
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The exact 2-point equation for the 1[51-model is given, for any
X = (x1,x2,x3) € ZS, by

1+ G (x1,9,p) ) - GP(x 2
( mz_|_||26”£§Z 1.9,p ) (x) (2)
1 (—21) (4) 4)
— G X1, 9,0, X) + G (x,x
2 k2w x|2{p,q§Z olel(F18:PX) + G (xx)
- 2 x11x21x3) - G(Z) (er2/x3)} } .
qeZ xl

whose melonic (‘planar’) limit is (conjecturally, expected to be)

<m2 +xP+24 Y G2 (xg p)) .G (%) (3)
qpEZ
=1+21) 5 [Gr(rzlil(xl,xz,xg) — Gﬁll(q, xp,x3)] .

qgeZ 1

C. |. Pérez Sénchez (Math. Miinster) Schwinger-Dyson equations



The higher multipoint functions satisfy:

2k) (1 k
(1+m2+| 2 Z G2 xl,q, )~G( )(x,...,x)

apEZ
_ (=27) i 1 ¥ G+ (41 ) .
m? +[s|> | 5 kpq || Xy Lapxt,..,
1 - - —
T Z GUH) (I 24t ] =L ] 1lxr+l,.”,xk+1)}
r=1
k 1 ( (20-2) (L1 1 (2k—20+2) k)
T Ly (O T GEERERGE, X
p=2 [(x/;)z - (x%)z]
- ) G (xf, 23,23, %, .. X) = G2 (g, 25, 2}, %, ..., x")
qez (x%)quz

C. |. Pérez Sénchez (Math. Miinster)
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The exact 2k-equation (melonic limit, conjecturally)

22 2) (,1 ) (2) (1 k
1 G .4, > G Lo, 5
< + m2 + ‘s|2 [MEZ mel<x1 i P) mel (X X ) (5)

(2 [ ¢ 1 (20-2), 1 p—1y  ~(2k-2042) o .
- m2+s|? Zz ()2 — (x1)2 (Gmel (x', . x) - Gy (xf,...,x ))

2k 2k
Z ) x%,x%,xé,xz,... xk) anel)(q,xwxé,xz,...,xk)]

qeZ (xl) - 5]

C. |. Pérez Sénchez (Math. Miinster)
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CONCLUSIONS & OUTLOOK

o (Coloured) tensor field theories [Ben Geloun, Bonzom, Carrozza, Guriu, Krajewski,
Oriti, Ousmane-Samary, Rivasseau, Ryan, Tanasa, Vignes-Tourneret,. . .] provide a
framework for 3 < D-dimensional random geometry

» A bordism interpretation of the correlation functions was given

» A new Ward-Takahashi identity [C.P.] (bare parameters) based that
for matrix models has been found

non-perturbative

universal: same for each interaction vertices

full (information has been recovered)

provides a method to systematically obtain exact equations for

correlation functions

» |t has been used to derive the full tower of SDE [C.P.-Wulkenhaar]

* % %

o Outlook: Apply these techniques for SYK-like [Sachdev-Ye-Kitaev] models
[Witten]
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Thank you for your attention!



